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Abstract: We study operators in Schro¨dinger invariant field theories (non-relativistic
conformal field theories or NRCFTs) with large charge (particle number) and spin. Via
the state-operator correspondence for NRCFTs, such operators correspond to states of a
superfluid in a harmonic trap with phonons or vortices. Using the effective field theory
of the Goldstone mode, we compute the dimensions of operators to leading order in the
angular momentum L and charge Q. We find a diverse set of scaling behaviors for NRCFTs
in both d = 2 and d = 3.
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1 Introduction and Summary
Superfluid states of matter are one of most fundamental examples of spontaneous sym-
metry breaking and appear in countless systems from Helium-4 [1–4] to neutron stars [5].
Superfluidity is also a possibility for finite density states of scale invariant critical systems
[6]. Recently this observation has been used to perform explicit calculations of relativistic
conformal field theory (CFT) data, despite strong coupling[7–12]. The key idea behind this
is the fact that the large charge operators of the CFT correspond to finite density states on
the sphere, which spontaneously break the conformal invariance and U(1) corresponding
to the charge. Superfluid phenomenology then becomes relevant for describing the large
charge sectors of these CFTs. For example, another hallmark of superfluidity is the for-
mation of vortices upon insertion of angular momentum. Therefore states with vortices
correspond to large charge operators with spin, and calculating the energy of these vortices
reveal the spining operator spectrum in CFT [13].
However, many interesting critical systems do not possess Lorentz symmetry. This
includes ultracold fermi gases at “unitarity”, where observation of vortex lattices is per-
haps the most dramatic evidence for a superfluid ground-state in a system which exhibits
an emergent scale invariance[14]. At this critical point the system has a non-relativistic
conformal symmetry, or Schro¨dinger symmetry. This symmetry algebra plays a pivotal
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role in understanding numerous physical systems1. Examples include the aforementioned
“fermions at unitarity”[17, 18], as well as systems comprised of deuterons [19, 20], 133Cs[21],
85Rb [22],39K [23], and various spin chain models [24]. There has been significant progress
in understanding the consequences of Schro¨dinger symmetry and its realization in field
theory.[25–30] These non-relativistic conformal field theories (NRCFTs) admit a state-
operator correspondence akin to their relativistic cousins. Operators with “particle num-
ber” charge are related to states in a harmonic potential.[31] This has been exploited to
calculate the energies of few-body quantum mechanics systems in a harmonic trap. This
correspondence also implies a way that the spectrum of NRCFTs can be determined. The
operators with large charge correspond to finite density states in the trap. These states of
matter sometimes admit a simple effective field theory description, enabling semi-classical
calculations controlled in the large charge limit [32, 33].
The simplest and most physically relevant possibility is that of a superfluid ground-
state, which is the situation we will explore here.2 Extending upon the results of [13, 32], we
study NRCFT operators which have both large charge and spin. Such operators correspond
to either phonon or vortex excitations of the superfluid. We then compute the leading order
scaling of their dimensions ∆Q,L as functions of their angular momentum L and number
charge Q and find a diverse range of behaviors in d = 2 and d = 3.
Trailer of the Results:
We compute the leading scaling dimension ∆Q,L of spinining operators of a non-relativistic
conformal field theory as a function of U(1) charge Q and angular momentum L in the
large charge limit. The answers are determined up to a single Wilson coefficient c0 in the
EFT description. We leverage the state operator correspondence to arrive at the result
that depending on the range of angular momentum, the spinning operators correspond to
different excitation modes of the superfluid. For a smaller range of angular momentum,
we find that they correspond to phonon with angular momentum L. As we increase the
angular momentum, we pass through a regime where a single vortex becomes energetically
favorable. If we further increase the angular momentum, multiple vortices develop and
the superfluid exhibits an effective “rigid body motion” where we can neglect the discrete
nature of the vortices.
1It is important to mention that Schro¨dinger symmetry is not simply the non-relativistic limit of the
conformal symmetry but rather an entirely distinct algebra [15, 16].
2It should be emphasized that this is not the only possibility. Ultimately the question “Given this
NRCFT, what state of matter describes its large charge sector?” depends on the NRCFT, which we treat
as UV physics. However we expect our results to be valid for a wide set of NRCFTs, including some of
physical relevance such as unitary fermions [14].
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In d = 2, the leading behavior has 3 regimes and is given as follows:
d = 2 ∆Q,L =


√
L+∆Q 0 < L ≤ Q1/3
√
c0π
2
√
L logL+∆Q Q
1/3 < L ≤ Q
√
9c0π
2
(
L2
Q3/2
)
+∆Q Q < L < Q
3/2
(1.1)
where ∆Q =
2
3
(
1√
2πc0
)
Q3/2 is the contribution from ground state energy in d = 2.
In d = 3 dimensions, we have 4 regimes, given by:
d = 3 ∆Q,L =


√
L+∆Q 0 < L ≤ Q2/9
α
(
L
Q1/9
)
+∆Q Q
2/9 < L ≤ Q1/3
(
5π4c0
8
√
2
)1/3
L2/3 logL+∆Q Q
1/3 < L ≤ Q
1024
25
(
32c2
0
25π4
)1/6 (
L2
Q4/3
)
+∆Q Q < L < Q
4/3
(1.2)
where ∆Q =
3
2
1√
2π
(
6
15
√
πc0
)1/3
Q4/3 is the contribution from ground state energy in d = 3
and α is an undetermined O(1) coefficient. We make two remarks at this point. The first
one is that while for d = 2, the transition happens from a single phonon regime to vortex
regime at L ∼ Q1/3, for d = 3, there is a regime Q2/9 ≤ L ≤ Q3/9, where neither vortex
nor the single phonon solution gives the lowest energy. It is a cross-over describing the
physics of a vortex string forming near the boundary of the trap where our EFT is strongly
coupled. The only well defined configuration in this angular momentum regime contains
multiple phonons, and we determine the scaling from that. The second remark is that the
EFT description breaks down whenever ∆Q,L−∆Q ∼ ∆Q , so we can not probe operators
with larger angular momentum with this method.
The rest of the paper is organized as follows. We briefly review the superfluid hydro-
dynamics and large charge NRCFT in section 2. The section 3 details out the contribution
coming from phonons and derives the regime where it is energetically favorable to have
them. Subsequently, we discuss the single vortex in d = 2 and d = 3 in section 4. The
multi-vortex and rigid body motion is elucidated in section 5 followed by a brief conclu-
sion and future avenues to explore in section 6. Some of our results and validity regimes
are more apparent in dual frame using particle-vortex duality which we elaborate on in
appendix A. The appendix B contains a contour integral useful for calculating interaction
energy of multiple vortices in d = 3.
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2 The set up: Superfluid Hydrodynamics and Large Charge NRCFT
In this section we briefly review the superfluid hydrodynamics in the Hamiltonian for-
malism, specialized to the case of a Schro¨dinger invariant system in a harmonic potential
A0 =
1
2ω
2r2. All of our results will be to leading order in the derivative expansion. For a
more in-depth review of the formalism, we refer to [32–34].
The low-energy physics of a superfluid is determined by a single Goldstone field χ.
The leading order Lagrangian determines the pressure of the system:
L = c0X
d+2
2 ≡ P (X) X ≡ ∂0χ−A0 − 1
2
(∂iχ)
2 (2.1)
The number density and superfluid velocity are defined respectively as:
n =
∂L
∂χ˙
= c0
(
d
2
+ 1
)
X
d
2 vi = −∂iχ (2.2)
The action (2.1) has a U(1) symmetry of χ→ χ+ c whose current can be written as:
jµ =
(
n, nvi
)
(2.3)
The Hamiltonian density comes out to be:
H = nχ˙−L = n
(
X +A0 +
1
2
v2
)
− P (X) (2.4)
Now, using the thermodynamic relation nX − P (X) ≡ ǫ(n): we can simplify (2.4) and
express the Hamiltonian as:
H =
∫
ddx H H = 1
2
nv2 + ǫ(n) + nA0 (2.5)
.
Note that the presence of the harmonic trap implies the density is non-uniform and
vanishes at radius RTF =
√
2µ
ω2
. For most values of r the density is large and varies slowly
compared to the UV length scale 1√µ . However, the large charge expansion begins to break
down at R∗ = RTF − δ where δ ∼ 1
(ω2µ)
1
6
[32, 34]. There is a boundary layer of thickness δ
where the superfluid effective field theory (EFT) cannot be trusted as it is no longer weakly
coupled. At leading order in the derivative expansion this does not effect the observables
but leads to divergences at higher orders.3
Given this set up, the ground-state at finite density corresponds to the classical solution
of χcl = µt. The number charge of this configuration is determined from µ by:
Q ≡
∫
ddx ncl(x) = c0
(
d
2
+ 1
)∫
ddx (µ−A0)
d
2 =
1
ξ
(µ
ω
)d
(2.6)
3These are UV divergences which can be canceled by counter-terms localized at this edge, as suggested
by Simeon Hellerman in a private communication.
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where 1c0 =
Γ(
d
2+2)
Γ(d+1) (2πξ
2)
d
2 . We can then compute the ground-state energy as function of
Q using (2.5):
EQ =
∫
ddx [ǫ(ncl) + nclA0] = ωξ
(
d
d+ 1
)
Q
d+1
d (2.7)
Via the state-operator correspondence of NRCFTs, this semi-classical calculation de-
termines the dimension of a charged scalar operator to leading order in Q as ∆Q =
EQ
ω . In
particular, we have obtained [32]:
∆Q =
{
2
3ξQ
3/2 for d = 2
3
4ξQ
4/3 for d = 3
(2.8)
In this work, we’ll be interested in excited state configurations which carry some an-
gular momentum. These will correspond to spinful operators in the large charge sector of
the NRCFTs which the superfluid EFT describes. The simplest of these excitations are
phonons; smooth solutions of the equation of motion with χcl = µt + π. Expanding π in
modes πn,ℓ, the Hamiltonian can be written to leading order in the derivative expansion
as:
H = H0 +
∑
n,ℓ
ω(n, ℓ)π†n,ℓπn,ℓ + · · · (2.9)
where ω(n, ℓ) is the dispersion relation for phonons:
ω(n, ℓ) = ω
(
4
d
n2 +
(
4− 4
d
)
n+
4
d
nℓ+ ℓ
) 1
2
(2.10)
for n is a positive integer and ℓ is the total angular momentum. The phonon wavefunctions
are given as fn,ℓ ∼ ( rRTF )
ℓ
2Gn,ℓ(r)Yℓ where Gn,ℓ is a hypergeometric function and Yℓ is a
spherical harmonic. A state with M phonon modes of {n = 0, ℓ = 1} can be identified
as the descendant operator ~∂MOQ with dimension ∆Q +M . Additionally, NRCFTs have
another generator of descendants ∂t which corresponds to the phonon with {n = 1, ℓ = 0}.
States that can be created by adding phonons with other values of n and ℓ correspond to
distinct primaries [32].4
The other configuration of a superfluid that can support angular momentum is a vortex,
which gives rise to a singular velocity field of the condensate. This is a distinct semi-classical
saddle point which is not simply related to the ground state. It must therefore correspond
to a unique set of spinful charged operators present in all NRCFTs whose scalar large
charge sector is described by the superfluid EFT.
These two excitations, phonons and vortices, are the configurations of the superfluid
we know support angular momentum. In the rest of the paper we answer the question,
what is the lowest energy configuration of the superfluid for a given angular momentum?
By answering this and using the superfluid EFT defined above we compute the scaling
behavior of operators carrying charge and angular momentum.
4They are primary as they are by construction annihilated by the lower operators K and C which
correspond to πn=0,ℓ=1 and πn=1,ℓ=0 respectively.
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3 Phonons
The simplest excited state(s) with angular momentum are phonons. From the dispersion
(2.10), we can see that the lowest energy configuration with angular momentum L is a single
phonon with n = 0 and ℓ = L. This is known as a “surface mode” as the wavefunction
is nodeless and supported mostly at the end of the trap. The energy cost of this single
phonon is given by5:
∆E = ωL
1
2 . (3.1)
However the validity of (2.10) rests on the assumption that the phonon modes do not
carry large amounts of momentum. In particular, the surface mode wavefunction has
fℓ ∼ ( rR )
ℓ
2Yℓ which for large ℓ is increasingly concentrated at the edge of the trap. Once
the support of the phonon wavefunction is mostly within the boundary region of thickness
δ, we can no longer trust the solution or the dispersion (2.10). This occurs when RTFℓ
becomes comparable to δ [35]. This yields a maximum angular momentum for phonons:
ℓmax ∼ Q 23d .
Thus we have the following scalings for operator dimensions:
d = 2 ∆Q,L = L
1
2 +∆Q 0 < L ≤ Q
1
3 (3.2)
d = 3 ∆Q,L = L
1
2 +∆Q 0 < L ≤ Q
2
9 (3.3)
where ∆Q is the operator dimension determined from (2.7).
We can also consider multi-phonon configurations and ask ourselves whether it is ener-
getically favorable to have a single phonon rather than multi phonon configuration, given
total angular momentum. In order to answer this, we assume that phonon interactions
are negligible, suppressed to leading order in the Q-expansion, so the energy and angular
momentum of multiple phonons add linearly. In particular, suppose we have Nγ phonons,
each carrying angular momentum ℓ. The energy and angular momentum to leading order
is:
∆E = ωNγℓ
1
2 L = Nγℓ (3.4)
This tells us that for a given angular momentum L, it is energetically favourable to
have a single phonon carrying the entire angular momentum rather than multiple phonons
carrying it altogether.6
5Note this is parametrically lower in energy than in the relativistic case studied in [13], as the phonon
spectrum on the sphere is ǫ(ℓ) =
√
1
2
ℓ(ℓ+ 1).
6One can also arrive at the same conclusion by considering Nγ phonons, each carrying angular momentum
~ℓi. The energy and angular momentum to leading order is then given by:
∆E = ω
∑
i
|~ℓi|
1
2 L =
∣∣∣∣∣
∑
i
~ℓi
∣∣∣∣∣ (3.5)
We have
∆E = ω
∑
i
|~ℓi|
1
2 = ω
√∑
|~ℓi|+
∑√
|~ℓi||~ℓj | ≥ ω
√∣∣∣∑ ~ℓi
∣∣∣+∑
√
|~ℓi||~ℓj | ≥ ω
√
L (3.6)
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As we’ll see below, naively a single phonon of ℓ = L would always be the most energet-
ically favorable configuration per angular momentum. However the cutoff of ℓmax ∼ Q 23d
means we cannot trust this conclusion beyond L = ℓmax. Multi-phonon configurations are
in principle valid for larger values of L.7 The most energetically favorable of which has Nγ
phonons with ℓ = ℓmax, which gives the scaling:
∆E = ωLℓ−1/2max ℓmax ∼ Q
2
3d (3.7)
where we cannot determine the dimensionless coefficient from ℓmax as it depends on how
we regulate the cutoff region of size δ. Nevertheless, the linear scaling in L means we
can compare to other configurations such as vortices. In particular, we will arrive at
the conclusion that whenever L ≥ Q1/3, the minimum energy configuration with a given
angular momentum starts to be attained by vortex solutions.
For d = 2, the transition happens from a single phonon regime to vortex regime at
L ∼ Q1/3, while for d = 3, there is a regime Q2/9 ≤ L ≤ Q1/3, which is inaccessible
by both the vortex string and the single-phonon configurations. The most energetically
favorable configuration, consistent within the leading order EFT analysis, is therefore the
multi-phonon configuration above with a macroscopic number of phonons Nγ ∼ Q 19 at the
upper bound L ∼ Q 13 .
This would imply the following scaling for the operator dimension:
d = 3 ∆Q,L = αLQ
−1/9 +∆Q Q2/9 < L ≤ Q1/3 (3.8)
where α is an unknown order one coefficient.
However the exact nature of this state appears to be related to UV physics of how a
vortex string configuration forms from surface mode phonons in the boundary region of
the condensate, which is inaccessible within our formalism. We therefore cannot give a full
accounting of this regime of angular momentum. Beyond L > Q
1
3 we can be confident the
lowest energy configuration is a vortex, as we’ll now discuss.
4 Single Vortex in the Trap
A vortex is a configuration of the superfluid with a singular velocity field carrying angular
momentum. The singular nature arises because of the relation (2.2) implying that vi is
necessarily irrotational except due to defects in the field χ; configurations where
∫
C dχ =
2πs for some integer s. In d = 2 these are particle like excitations while in d = 3 they
correspond to strings, these will be the dimensions we focus on in this work. In fact this
language can be made precise via particle-vortex duality, where vortices are “charged”
objects under some dual gauge field. Adapting this duality to the Schro¨dinger invariant
Hence, the minimum value is obtained when all the li = 0 except one i.e. we land up with single phonon
case. On the other hand, if all the ~ℓi’s are along same direction, then using Cauchy-Schwartz inequality, one
can obtain ∆E ≤ ω(Nγ)1/2
√
L, which implies that the energy would be maximized if each phonon carries
angular momentum of L/Nγ .
7Nγ cannot be made arbitrarily large as the assumption that phonon interactions are suppressed breaks
down.
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superfluid has been done in Appendix A but it is inessential for describing the leading order
results.
The simplest configuration in the trap is a single static vortex for which the conden-
sate order parameter changes by only 2π.8 The approximate velocity profile vi of such a
configuration is:
vi =
ǫij(rj −Rj)
(~r − ~R)2
(4.1)
where r is the radial coordinate in d = 2 or the axial coordinate in d = 3, and ~R is the
location of the vortex and we assume that the vortex is streched along the z axis.
The presence of the vortex changes the semi-classical number density, making it sin-
gular at r = R. Before that point the density vanishes, implying a short distance cutoff
for the superfluid EFT. This is the ‘vortex core size’ a whose scaling dimension we can
determine as follows.
One interpretation of the non-uniform density (2.6) is that the effective chemical po-
tential is distance dependent. In the presence of a vortex at ~r = ~R it is given as:
µeff (~r) ≡ µ− 1
2
ω2r2 − 1
2
1
|~r − ~R|2
(4.2)
This determines a locally varying UV length scale 1√µeff . The EFT, which is controlled
in the limit of large density, becomes strongly coupled at the length a when a ∼ 1√µeff .
Solving this equation for a gives the scaling relations9
d = 2 a ∼ 1√
µ
1√
1− R2
R2TF
d = 3 a ∼ 1√
µ
1√
1− R2
R2TF
− z2
R2TF
(4.3)
Near the center of the trap, a is on order the UV length scale 1√µ . However as the vortex
approaches the boundary of the trap, either in its placement ~R or along the length of the
vortex string in d = 3, the fact the density is depleted due to the trap implies the cutoff near
the vortex string must happen sooner [36]. As mentioned previously, the EFT is already
strongly coupled in the boundary region of size δ. Therefore the largest placements of the
vortex we can confidently study have R = RTF − δ where the core size scales as a ∼ 1
(µω2)
1
3
which is still parametrically suppressed in µ.
Regulating this divergence as described above, the correction to the semi-classical
number density due to the vortex is subleading in µ and therefore negligible for leading order
results. This implies the dominant contribution to the energy of a vortex configuration
comes from the kinetic energy of the velocity field.
The velocity field (4.1) does not define a stationary flow in the sense that ∂i(nv
i) 6= 0
because of the inhomogeneity of the density. This inhomogenity will cause the vortex to
8This is in contrast to the CFT case where a minimum of two vortices are needed on the sphere to ensure
compatibility with the Gauss law.
9This is an equivalent condition to cutting off the theory when the velocity field sourced by the vortex
becomes comparable to the local speed of sound in the superfluid c2s ∼ ∂P∂n ∼ X.
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precess in a circle [37]. However since the density varies slowly, as previously discussed,
the correction to the velocity field due to this is suppressed in the large-charge expansion.
Using particle-vortex duality, this is equivalent to the assumption that particle sourcing
the gauge field in dual description has suppressed velocity, hence we are effectively dealing
with an electrostatic scenario. The details are relegated to the appendix A, in particular,
the discussion after (A.15).
We remark that in dual frame, the cloud boundary is like a conductor, hence the tan-
gential electric field should be vanishing. This means the velocity field of the vortex should
be such that there is no radial outflow of particles out of the trap. Given this condition,
one might worry that the velocity field above does not vanish at the boundary RTF . How-
ever, since we require the normal component of the flow to vanish at the boundary i.e.
Nˆ · (n~v) = 0 where ~N is a vector normal to the trap at boundary, the inhomogeneity of
the superfluid comes to rescue and the condition is trivially met by the vanishing of the
density n(x) at RTF [38].
10
In what follows, we will be evaluating the energy and angular momentum of vortex
configurations in d = 2 and d = 3 spatial dimensions.
4.1 Single vortex in d = 2
Let’s first work in d = 2 with the velocity field given by (4.1). The difference in energy
between the vortex state and the ground state can then be computed from the kinetic
energy of Hamiltonian (2.5) as:
∆E =
∫
d2x
1
2
nv2 = c0µ
∫
d2x
(
1− r
2
R2TF
)
1
(~r − ~R)2
(4.4)
As mentioned, there is a divergence at r = R which we will regulate by assuming a vortex
core size of a(R) ∼ 1√µeff where µeff = µ
(
1− R2
R2TF
)
. Evaluating the integral (4.4) gives:
∆E = 2c0πµ
(
1− R
2
R2TF
)[
log
(
RTF
2a(R)
)
+
1
2
log
(
1− R
2
R2TF
)
− 1
]
+ c0πµ+O(a) (4.5)
We can also compute the angular momentum via the integral:
~L =
∫
d2x n~v × ~r (4.6)
For our configuration the angular momentum is entirely in the zˆ direction with magnitude:
L = 4πc0µ
∫ RTF
R
dr r
(
1− r
2
R2TF
)
= 2πc0
µ2
ω2
(
1− R
2
R2TF
)2
(4.7)
10This is generically known as a “soft boundary”. Had we been dealing with homogenous fluid with non
vanishing density at boundary, we ought to consider a mirror vortex configuration to ensure the imposition
of Nˆ · (n~v) = 0, this is just like considering the mirror charge while solving for electric in the presence of a
conductor. Regardless, such modifications to the velocity field in the boundary region of the inhomogenous
condensate give suppressed corrections to our leading order results below.
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where we’ve used
∮
r ~v · d~ℓ = 2π for a circle centered at the origin of radius r > R, and
otherwise vanishes.
As one can see, it is energetically favorable for the vortex to appear at the edge of
the cloud R ≈ RTF . However we cannot trust the solution in the regime of low density
near there for reasons previously discussed. Therefore the largest distance the vortex
can be where we have confidence in the validity of the semi-classical approximation is
R∗ = RTF − δ. This gives a minimum angular momentum, of the vortex configuration
Lmin ∼ Q 13 . The largest value of the angular momentum occurs when the vortex is in the
center at R = 0 with Lmax ∼ Q.
Combining these results gives the leading order expressions for the operator dimensions
in terms of L and Q as:
d = 2 ∆Q,L =
√
c0π
2
√
L logL+∆Q Q
1
3 < L ≤ Q (4.8)
4.2 Single vortex in d = 3
Let’s consider the case of d = 3 now. The minimal energy excitation is a single vortex string.
The string must necessarily break the spherical symmetry of the trap. We will consider the
string being streched along the z-axis, ensuring that all the angular momentum is L = Lz.
11
The energy of the vortex string again comes from the kinetic energy and can be eval-
uated as:
∆E =
∫
d3x
1
2
nv2 =
∫ Z(R)
−Z(R)
dz T (z,R) (4.9)
where T (z,R) is the tension of the string and Z(R) = RTF
√(
1− R2
R2TF
)
defines the inte-
gration bound along the length of the string.
The tension can be computed via a similar integral in d = 2 as:
T (z,R) =
1
2
∫ r(z)
0
drr
∫ 2π
0
dφ n(r, z)
1
(~r − ~R)2
= πn(R, z)
[
log
(
r(z,R)
a(z,R)
)
− log
(
1 +
r(z)
r(z,R)
)]
+ · · · (4.10)
where · · · refer to the non logarthimic pieces. Here n(r, z) = 52c0µ
3
2
(
1− 1
R2TF
(r2 + z2)
) 3
2
is
the number density, r(z) = RTF
√
1− z2
R2TF
is the radial (radius in cylindrical co-ordinate)
size of the trap at a height z and r(z,R) = RTF
√
1− z2+R2
R2TF
. Integrating the leading
11A curved string will generically have to be longer in order to carry the same angular momentum, as
parts of the velocity field it sources will cancel against each other. The longer strings will be energetically
more expensive, making the straight line configuration energetically favorable to leading order.
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logarthimic piece along the string length gives the energy:
∆E =
∫ Z(R)
−Z(R)
dz πn(R, z) log
(
r(z,R)
a(z,R)
)
=
15
16
π2c0µ
3/2RTF
(
1− R
2
R2TF
)2 [
log
(
1− R
2
R2TF
)
+ log (RTF
√
µ)
]
(4.11)
Evaluating the angular momentum of this configuration is similar to d = 2 and yields:
L =
∫ Z(R)
−Z(R)
dz
∫ r(z)
R
dr r
[
5
2
c0µ
3
2
(
1− r
2 + z2
R2TF
) 3
2
]
=
5πc0
8
√
2
(µ
ω
)3(
1− R
2
R2TF
)3
(4.12)
Again the lowest allowed value of the angular momentum occurs for a vortex at R∗ =
RTF − δ and scales as Lmin ∼ Q 13 while the maximum occurs at R = 0 with Lmax ∼ Q.
Together these results imply the scaling:
d = 3 ∆Q,L =
(
5π4c0
8
√
2
)1/3
L2/3 logL+∆Q Q
1
3 < L ≤ Q (4.13)
This determines the leading order dimension for the operator which creates the vortex
string but we can also study the spectrum of operators above it. For example, the presence
of a vortex string along the zˆ-direction should split the phonon m degeneracy in (2.10).
Treating this perturbatively, such a splitting is suppressed in the charge12 Q [36].
Besides phonons, there are unique excitations of the vortex string related to displace-
ments of position. These are known as “Kelvin modes” and they define another set of
low-lying operators above the one which created the vortex string. These modes are basi-
cally the radial displacement of the vortex core from the original axis. For long wavelength
modes ka(z,R) ≪ 1 and in the regime where z ≪ RTF , we can effectively assume that
density is uniform13. Under this assumption, followed by considering a situation where the
amplitude of the displacement is small, we have the standard result quoted in superfluid
literature i.e. ω(k) ≈ 12k2 log 1|k|a(R) , where a(R) = 1√µ 1√
1− R2
R2
TF
is the vortex core size via
(4.3). We remark that the boundary conditions on the string should quantize k ∼ nRTF ,
so there is an approximate continuum of such operators above the gap to create a single
vortex string. The spacing of these modes and exact dimensions are only visible at higher
orders in the Q expansion.
5 Multi-Vortex Profile
Consider a collection of Nv vortices at locations ~Ri with winding numbers si. The velocity
field of such a contribution is additive and described by:
~v =
∑
i
~vi =
∑
i
si
zˆ × (~r − ~Ri)
|~r − ~Ri|2
=⇒ ∇× ~v =
∑
i
siδ(~r − ~Ri) (5.1)
12One could also consider the energy of a vortex-phonon configuration. The “interaction energy” between
the two is given as
∫
ddx ~vvortex · ~∂π which is also suppressed in the Q expansion.
13For work going beyond this approximation in non-uniform condensates, see [39].
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Because the angular momentum is linear in the velocity field, this implies the total angular
momentum of the system is given by the sum of the individual ones:
L =
∑
i
Li =


2πc0
(µ
ω
)2∑
i
si
(
1− R2i
R2TF
)2
d = 2
5πc0
8
√
2
(µ
ω
)3∑
i
si
(
1− R2i
R2TF
)3
d = 3
(5.2)
For vortices far from the boundary, where RTF−RiRTF ∼ O(1) (as opposed to Q suppressed
number), we have that Li ∼ siQ.
We can compute the energy of a generic multi-vortex configuration explicitly from this
velocity field (5.1). The energy breaks up into single-vortex contributions and pair-wise
interaction energies:
∆E =
1
2
∫
ddx nv2 =
∑
i
Ei +
∑
i 6=j
∑
j
Eij (5.3)
where the single vortex energy is already computed as
Ei =
1
2
∫
ddx nv2i =


ω
√
c0π
2 s
2
i
√
Li logLi d = 2
ω
(
5π4c0
8
√
2
)1/3
s2iL
2/3
i logLi d = 3
(5.4)
and Eij is the interaction energy given by:
Eij =
∫
ddx nvi · vj (5.5)
In d = 2 this integral evaluates to:
Eij
sisj
= πc0µ
(
1−
~Ri · ~Rj
R2TF
)
log
(
R4TF +R
2
iR
2
j − 2R2TF ~Ri · ~Rj
(~Ri − ~Rj)4
)
(5.6)
− 2πc0µ 1
R2TF
(
R2i +R
2
j −R2TF
)
+ 2πc0µ
1
R2TF
|~Ri × ~Rj | arctan
(
|~Ri × ~Rj |
R2TF − ~Ri · ~Rj
)
where ~Ri and ~Rj are the positions of the vortex pair with Rj > Ri assumed without loss
of generality. To leading order in the charge and small vortex separation this simplifies to:
Eij ∼ sisjµ log RTF|~Ri − ~Rj|
+ ... (5.7)
This piece is the result of the singular nature of the vortices and describes their interaction.
The analogous result of (5.6) for d = 3 is not analytically tractable, but the leading
interaction piece in the charge and small vortex separation is given by:
Eij ∼ sisjµ
3
2RTF log
RTF
|~Ri − ~Rj |
+ · · · (5.8)
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One can extract several physical features of the multivortex profile using the expres-
sions above for the energy. First of all, the minimum energy configurations per angular
momentum will have si = 1 for every vortex as the energy scales quadratically in the
charge but the angular momentum only scales linearly. The angular momentum for the en-
tire configuration then scales as L ∼ NvQ assuming RTF−RiRTF ∼ O(1). Secondly, we remark
that the logarithmic terms (5.7) and (5.8) imply that the minimal energy configuration will
generically be a triangular array of vortices[40, 41]. Empirically this structure persists as
the number of vortices is made large, even in the presence of a harmonic trap[14].
In principle the energy, and therefore the operator dimension, should be found by
fixing the angular momentum and varying over the positions Ri to find the minimum
energy configuration. However, for Nv ∼ O(1) the interaction is negligible and the energy
will scale as E ∼ NvEv where Ev is the energy of a single vortex placed in the center of
the trap. To consider L parametrically larger than Q we must consider Nv ≫ 1. While
we cannot exactly analyze (5.3) in this limit, we are justified in approximating the vortex
density as a continuous quantity, corroborated by the fact that in this limit the interaction
energy dominates and has terms which go as N2vµ
d
2Rd−2TF ∼ L2/I, where I is the moment
of inertia, given later by Eq. (5.14).
Continuum Approximation: We can take advantage of the fact the vortices are dense
to coarse grain (5.1) and replace it with a continuous velocity field which satisfies:∮
C
~v · d~ℓ = 2πNv(C) (5.9)
where Nv(C) is the number of vortices in the area enclosed by the curve C. Let L be
the angular momentum (to be precise the z component of the angular momentum) of the
configuration. We take a varational approach, minimizing the energy over smooth v with
fixed L. To this end, define:
EΩ =
1
2
∫
ddx nv2 − Ω
(∫
ddx n (~r × ~v) · zˆ − L
)
(5.10)
=
1
2
∫
ddx n (v − Ωzˆ × ~r)2 − Ω
2
2
∫
ddx nr2 +ΩL (5.11)
where Ω is a Lagrange multiplier to fix the angular momentum. From (5.10), we can see
that the minimum energy velocity field is that of a rotating rigid body with uniform vortex
density:
~v = Ωzˆ × ~r =⇒ ∆E = Ω
2
2
∫
ddx nr2 =
Ω2
2
I (5.12)
where I is the moment of inertia of the condensate, computed from the density as:
I =
∫
ddx n(r)r2 . (5.13)
– 13 –
and Ω can be determined via its relation to L as Ω = LI . Now the moment of inertia I
evaluates to
I =


4
3πc0
µ3
ω4
= 1ω
(
2
3
1√
2πc0
Q
3
2
)
d = 2
5π2
8
√
2
c0
µ4
ω5
= 1ω
(
25
1024
(
25π4
32c2
0
)1/6
Q
4
3
)
d = 3
(5.14)
Using (5.9) and (5.12) we can also determine that the angular momentum of the config-
uration scales as L ∼ NvQ as expected from (5.2). Consequently, the energy is that of a
rigid body with angular momentum L and is given by:
∆E =
L2
2I
, (5.15)
Notice that this leading order result is independent of the trap and the inhomogeneity of
the density. Corrections will arise from the inhomogeneity of the trap and the discreteness
of the vortices, but they are subleading in Nv and suppressed in RTF [37]. Indeed, that
there are terms in the energy which scale as Nv being neglected is visible in (5.3).
We remark that there are constraints of the vortex density of the system. The vortex
spacing λ should be larger than the vortex core size i.e. λ≫ a ∼ 1√µeff . Beyond this limit
we expect interactions to be strong and the EFT description to break down [42]. Now, in
a scenario where we have multiple vortices, a rough estimation yields that
Nv ∼ R
2
TF
λ2
∼
{√
Qℓ d = 2
(Qℓ)1/3 d = 3
(5.16)
where ℓ is the typical angular momentum of a vortex in the multivortex configuration. Thus
in d = 2, the maximum angular momentum configularation that one can reach within the
validity of the EFT corresponds to a maximum density of Nv ∼ Q. Physically this means
most of the vortices are near the center and ℓ ∼ Q and the total angular momentum
L ∼ Q2. For d = 3 this corresponds to Nv ∼ Q2/3 which is less than Q because the
vortices are extended objects and the total angular momentum amounts to L ∼ Q5/3. But
our EFT breaks down before this. Using particle vortex duality as in A, one can see that
the EFT breaks down when the electric field becomes comparable to magnetic field. This
means that the EFT breaks down when the contribution coming from rigid body rotation
becomes comparable to ∆Q. Hence, the maximum angular momentum that can be attained
within the validity of our EFT is L ∼ Q3/2 in d = 2 and L ∼ Q4/3 in d = 3.
These determine the absolute limits on the angular momentum accessible within our
EFT and together with (5.15) and (5.14) imply the following operator dimension scaling:
d = 2 ∆Q,L =
√
9c0π
2
(
L2
Q3/2
)
+∆Q Q < L < Q
3/2 (5.17)
d = 3 ∆Q,L =
1024
25
(
32c20
25π4
)1/6 (
L2
Q4/3
)
+∆Q Q < L < Q
4/3 (5.18)
The above consitute the main results of this section.
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6 Conclusions and Future Directions
To summarize, we have calculated how the dimensions of operators in NRCFTs scale with
number charge Q and spin L in the limit of Q≫ 1 via the state-operator correspondence.
The NRCFTs under consideration exist in d = 2 and d = 3 and by assumption are de-
scribed by the superfluid EFT. This allows for explicit calculations by studying phonon and
vortex configurations of the superfluid. We expect applicability of our result to “fermions
at unitarity” and certain conformal anyon theories, as well any other NRCFT with this
symmetry breaking behavior in its large charge sector[31, 43–45]. In fact the superfluid
state of unitary fermions in a harmonic trap has been experimentally observed, including
the formation of vortices [14].
The most direct extension of these results would be to go to beyond the leading order
scaling. To do so would require reasoning about the divergences associated with the vortex
core, the size and structure of which is entirely determined by UV physics. It should be
possible to regulate such divergences by considering operators localized on the vortex. Such
a procedure in the relativistic effective string theory was worked out in [46, 47] and the
effective string theory of vortex lines in superfluids was explored in [48]. A similar analysis
has also been applied to divergences of the superfluid EFT near RTF , associated with the
dilute regime of size δ [49] .
It would be especially interesting to study other possible symmetry breaking patterns,
such as those relevant for chiral superfluids [50]. As mentioned in this large angular mo-
mentum regime the vortices are arranged as a triangular lattice. Deformations of this
vortex lattice are a novel excitation in this limit, known as ‘Tkachenko modes’ [51]. Pre-
sumably these excited states would correspond to a tower of low-lying operators above the
operator which creates the vortex-lattice. However, treatment these modes and corrections
to the results (5.17) and (5.18) would require us to think about a new EFT which captures
the spontaneous breaking of spatial symmetry by the vortex lattice. This EFT has been
worked out by [52] and may be adaptable to the Schro¨dinger invariant case in a trap. Es-
pecially interesting would be systems with a Fermi surface, however such a critical state
must necessarily be a non-fermi liquid following the results of [53].
Another interesting direction would be to consider correlation functions of charged
spinning operators in these NRCFTs. The universal scaling of the 3-point function and
higher are all explicitly calculable within this EFT, as was done for scalar charged operators
in [32]. In relativistic CFTs this was worked out in [9, 13] for certain operators. We leave
this and other questions for future work.
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A Particle-Vortex Duality
Here we briefly review the particle vortex duality in nonrelativistic set up. The aim of the
appendix is to cast the vortex dynamics in terms of an electrostatic (in d = 3 the gauge
field is 2 form field, hence we coin the term “gaugostatic”) problem, leveraging the duality.
The idea is to solve the gaugostatic problem to figure out the field strength, which in turn
gives us the velocity profile of the vortex, again using the dictionary of duality.
We consider the leading order superfluid Lagrangian in the presence of a potential
A0 =
1
2ω
2r2, Ai = 0:
L = c0X
d+2
2 ≡ P (X) X ≡ ∂0χ−A0 − 1
2
(∂iχ)
2 (A.1)
The number density and superfluid velocity are defined respectively as:
n =
∂L
∂χ˙
= c0
(
d
2
+ 1
)
X
d
2 vi = −∂iχ (A.2)
The action (A.1) has a U(1) symmetry of χ→ χ+ c whose current can be written as:
jµ =
(
n, nvi
)
(A.3)
For simplicity and physical relevance, we’ll focus on the cases of d = 2 and d = 3. In d = 2,
we can define:
jµ = ǫµνρ∂νaρ =
1
2
ǫµνρfνρ (A.4)
for a one-form gauge field aµ and field strength fµν = ∂µaν − ∂νaµ. This relates the
superfluid variables (A.2) to the dual electric and magnetic fields as:
n = ǫij∂iaj ≡ b vi = ǫ
ijf0j
b
≡ ǫ
ijej
b
(A.5)
Similarly, in d = 3 we’ll define the current in terms of a dual two-form gauge field Bµν
jµ = ǫµνρσ∂νBρσ =
1
3
ǫµνρσGνρσ (A.6)
where Gµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν is the three-form field strength. The superfluid
variables are then expressible as:
n = ǫijk∂iBjk ≡ Y vi = 1
3
ǫijkG0jk
Y
(A.7)
Vortices act as sources for the gauge fields and couple minimally as:
d = 2 : JVµ a
µ d = 3 :
1
4
JVµνB
µν (A.8)
To implement the duality transformation, we note that internal energy ǫ(n) is given by
nX − P (X) and so we can rewrite the (A.1) as
L = nX − ǫ(n) = n
(
χ˙−A0 − 1
2
(∂iχ)(∂
iχ)
)
− ǫ(n) (A.9)
=
1
2
nv2 − ǫ(n) + n (χ˙+ vi∂iχ) (A.10)
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where we have used vi = −∂iχ and n is understood as a function of χ and its derivatives.
The internal energy is given by:
d = 2 : ǫ(n) =
1
4c0
n2 d = 3 : ǫ(n) =
3
5
(
2
5c0
) 2
3
n
5
3 (A.11)
Using the relation (A.5) we can express the Lagrangian in d = 2 as:
L = 1
2
e2
b
− 1
4c0
b2 − bA0 (A.12)
This equation describes a kind of non-linear electrodynamics with a modified Gauss law:
∂i
(
ei
b
)
= JV0 (A.13)
Similarly the Lagrangian in d = 3 is given via (A.7) as:
L = 1
9
G0ijG0
ij
Y
− 3
5
(
2
5c0
) 2
3
Y
5
3 − Y A0 (A.14)
with a “Gauss law” of:
∂i
(
G0ij
Y
)
= JVj0 (A.15)
Now consider a motion of charged particle under the gauge field, sourced by JV .
In what follows, we will show that to leading order we can treat this as a “gaugostatic”
problem and the velocity Vi of the charged particle is negligible. If Vi is negligible, one can
potentially drop the kinetic term in the Lagrangian. As a result, the equation of motion for
the particle turns out to be the one where there is no Lorentz force acting on the particle.
This implies that Vi is of the same order as |e|/b (in d = 3, this is
√
G0ijG0ij
Y ). For self
consistency, we need to ensure Vi is very small i.e. the ratio |e|/b is very small. This helps
us to render the problem of vortex dynamics into a problem of “gaugostatics”. In order
to do that, we linearize (A.12) and (A.14) around parametrically large magnetic field b
and Y and we see that the coupling goes as b in d = 2 and in d = 3, this goes like Y .
Hence the electric field strength |e| in d = 2 and √G0ijG0ij in d = 3 goes like √b and √Y
respectively and we have
√
ViV i ∼ |e|
b
∼ 1√
Q
, in d = 2 (A.16)
√
ViV i ∼
√
G0ijG0ij
Y
∼ 1√
Q
, in d = 3 (A.17)
Thus it is self consistent to assume that the charged particle is just drifting without any
Lorentz force acting on it.
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B A Contour integral
This appendix contains the evauation of contour integrals, needed to figure out the vortex
interaction energy in the multivortex scenario. In d = 2, the vortex interaction energy goes
like ∫
dr rn(r)
∫
dθ ~vi · ~vj (B.1)
wherre as for d = 3, we have an extra integral along the z axis and r becomes the radius
in cylindrical coordinate. In both cases, the θ integral can be done using contour integral
and expressing ~vi in terms of complex variables given by
vi =
i
z¯ − z¯i , v
∗
i =
−i
z − zi (B.2)
Hence the integral evaluates to
I =
∫
dθ ~vi · ~vj = Re
(∫
dz
−i
z
viv
∗
j
)
(B.3)
= Re
(∫
dz
−i
z
1
(z¯ − z¯i)(z − zj)
)
(B.4)
Now we note that zz¯ = r2 and ziz¯i = R
2
i to rewrite the integral in following manner:
I = Re
(∫
dz − i zi
(r2zi −R2i z)(z − zj)
)
= Re

∫ dz −i−R2i
zi(
z − r2
R2i
zi
)
(z − zj)

 (B.5)
The poles are located at z = zj , z =
r2
R2i
zi i.e. they lie on the circle of radius |zj | = Rj
and | r2
R2i
zi| = r2Ri .
Without loss of generality, we consider Ri < Rj. Now there can be three scenarios:
1. r < Ri < Rj implies
r2
Ri
< r < Rj, hence the pole at z =
r2
R2i
zi is picked, answer is
I = Re
(
−2π 1
r2 − zjz∗i
)
= − 2π
r4 +R2jR
2
i − 2r2RiRj cos(φ)
(
r2 −RiRj cos(φ)
)
(B.6)
2. Ri < Rj < r implies Rj < r <
r2
Ri
, hence the pole at z = zj is picked. and the answer
is
I =
2π
r4 +R2jR
2
i − 2r2RiRj cos(φ)
(
r2 −RiRj cos(φ)
)
(B.7)
3. Ri < r < Rj implies r < Rj and r <
r2
Ri
, so none of the poles is picked, the answer is
0.
Summing up we can write
I =
π
(
r2 −RiRj cos(φ)
)
r4 +R2jR
2
i − 2r2RiRj cos(φ)
[sgn(r −Ri) + sgn(r −Rj)] (B.8)
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